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Table 2 Statistically derived variations

Probability that
actual weight is
included in range (%)

Range of values
(W nominal = 1)

0.83-1.21 50
0.75-1.33 68.3
0.58-1.74 95

for conventional materials. Thus, a general expression for
parachute weight may be stated as

Webute = klNPsls + k2P0D02 (1)

Canopy strength will be compatible with total line strength
for a well-designed chute. Thus, P, may be taken as ap-
proximately proportional to NP,. In addition, I; is directly
proportional to Dy for conventionally configured parachutes.
With these considerations, Eq. (1) may be restated in the
form

I/chhube ~ kSNPsDO(]- ‘l— k4Do) (2)
Thus, Wenute « NP,Dg if ksDy << 1.

Correlation of Data

Table 1 lists weight and configuration data obtained from
various sources' ™ for 59 parachutes. Most of these chutes
are of relatively conventional construction with I,/Dy = 1 and
N =~ Dgexpressed in feet (at least for Dy > 10 ft). Figure 1
shows weight vs NP,Dy on log-log scales for the parachutes
of Table 1. The straight line shown in Fig. 1 is

W(Ibm) = 0.57 X 10[NP.Do(lbt-1t) % (3a)
or
Wikg) = 1.9 X 103 [NP,Dy(IN — m)]o-% (3b)

The data scatter in Fig. 1 appears due as much to variations
within each specific type of chute as to type-to-type vari-
ations. Thus, the incorporation of all types of chute in one
graph appears valid.

Statistical methods?* applied to the data of Table 1 permit
calculation of the variations and associated probabilities
indicated in Table 2.

The spread associated with the calculated nominal value
for chute weight tends to be large, but some of the spread is
attributable to the inclusion of unconventional chute con-
figurations in the data. Since 509, of the data are within
+219,, —17%, of the nominal, the nominal weight value of
Eqs. (3) multiplied by 1.21 should provide a fairly conserva-
tive maximum weight for estimating purposes. Note, how-
ever, that the weights of Table 1, Fig. 1, and Eqs. (3) are
for the parachute only; that is, riser, deployment bag, and
special attachment link weights are excluded. Riser weight
may be estimated as indicated in a previous work.?

Differentiation of the logarithm of Eqs. (3) gives the vari-
ation in W for small variations in N, P, and D;. For most
chute applications, Fy « ¢S, for small changes in deployment
conditions and NP, « Fo. Thus, NP, « gDy2 Use of this
relationship in Eqgs. (3) and differentiation of the logarithm
of the result can be used to obtain the variation in W for
small variations in ¢ and Dy.
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Equilibrium Vortex Positions

Downarp D. SeaTe*
The University of Texas at Arlington, Arlington, Texas

ORTICES on the lee side of inclined cylindrical and

conical bodies can cause significant departures of experi-
mental data from inviscid slender-body theory. These
vortices appear symmetrically in pairs, starting near the nose
and growing in size and distance from the body as they trail
downstream. Tinling and Allen! found one pair of counter-
rotating vortices behind an ogive-cylinder body at subsonic
speeds. Rainbird et al.? found up to three pairs of vortices
behind an inclined circular cone in a water tunnel.

An examination of these body vortex flowfields in a plane
perpendicular to the body axis (the crossflow plane) reveals
a circular body with one, two, or three pairs of vortices on the
lee side, and a crossflow velocity U = Vsina, where V is
flight velocity and « is angle of attack. An idealized poten-
tial flow equation can be written for this flowfield, and, for
the case of only one pair of vortices in the wake, an analytical
solution has been obtained by Foppl® for the equilibrium
positions of these wake vortices. Details of this solution are
given by Milne-Thomson.*

This Note presents equations and solutions for the equilib-
rium positions of multiple pairs of vortices in the wakes of
circular and elliptic bodies.

Analysis

The complex potential for N pairs of vortices (and their
images) of strength I';, a doublet to represent a circular body
of radius a, and a uniform stream of velocity U is (see Fig. 1)

2 N s
w(@) = U(z + %)+ » <32F7;>|:1n(z — ) —

j=1

ln(z — g;) — In(z — z*) + ln(z - g)] (1)

where z* is the complex conjugate of z. At an arbitrary point
2z, coinciding with one of the N vortices in the first quadrant,

Fig. 1 Circle plane
and ellipse plane.
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Fig. 2 Equilibrium positions for two pairs of vortices
behind a circular eylinder.
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The equilibrium position of a vortex is defined as the position
where the induced velocity is zero. Therefore, Eq. (2) is
equated to zero and solved for z; for each of the N vortices
present, providing the equilibrium position for each vortex
present in the flowfield. The Newton-Raphson iteration
technique may be used to solve this set of equations nu-
merically for assumed values of T;/U.5

The flowfield in the region exterior to the circle r = a in the
z plane may be conformally mapped onto the region exterior
to an ellipse in the Z = X + 7Y plane (see Fig. 1) by the
transformation

Z =2+ (A* — BY)/4z 3)

where 4 and B are the semielliptic axes in the X and ¥ direc-
tions, respectively. Velocities at corresponding points in
the two planes are related by the derivative dz/dZ of the
transformation in the usual fashion of potential theory, except
at the vortex locations where the theoretical method outlined
by Lin® is used, giving the velocity at Z; as

Py = [Q’ + GTw/4m)(2"/2") 2=z (4)

where the primes indicate differentiation with respect to Z.
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Fig. 3 Vortex positions for a circular cone in water.?
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Fig. 4 Vortex positions at four axial stations for an in-
clined 15° circular cone in a low-speed wind tunnel.’

To find the equilibrium vortex positions in the wake of an
elliptic cylinder, the following procedure is used: 1) specify
ABN,and I'/U, for k = 1,2, ..., N; 2) arbitrarily choose
initial values of the vortex positions Z; in the ellipse plane;
3) calculate the corresponding vortex positions in the circle
plane z: by Eq. (3), velocity at each z: by Eq. (2) with ¢ =
(A + B)/2, and induced velocity at each Zr by Eq. (4); 4)
use Newton-Raphson method to obtain corrections, AZy; and
5) calculate new values of Z; by adding AZ,’s to old values of
Zi. Repeat steps 3-5 until velocities [Py < AU. A value
of AU = 0.00133U was used for results presented.

Results

Calculated equilibrium positions for one pair of vortices in
the wake of a circular body coincided with the explicit an-
alytical positions found by Foéppl.? Equilibrium positions
for two pairs of vortices of various strengths in the wake of a
circular cylinder are presented in Fig. 2. The point symbols
in Fig. 2a show equilibrium positions for 7 values of T'o/U
when I';/U = 12. The Foppl line is shown for reference
purposes. Only half of the plane is shown because the flow-
field is symmetrical with respect to the x axis. The curve
symbols in Fig. 2a show the results of similar calculations
with I';/U = 3.75, 8, and 16, which illustrate the streamwise
movement of the primary vortex equilibrium position when
the magnitude of the secondary vortex is increased. Fig. 2b-
presents the equilibrium vortex positions when I'y is varied
while holding I'; constant; the paths of the primary vortex
positions in these cases are nearly parallel to the Foppl line.
These different vortex paths may furnish a possible explana-
tion for those observed experimentally. For example, the
primary vortex behind a circular cone moved away from
the cone as « (and T') increased (see Fig. 3).2 At low a's,
the locus of primary vortex positions is nearly parallel with
the Foppl line. But, as « reaches moderate values, the
presence of a secondary (counter-rotating) vortex-pair is
observed, and the locus of primary vortex positions changes
to a direction nearly parallel to the z axis, similar to the trend
in Fig. 2a. At high a’s, the direction changes back to one
approximately parallel to the Foppl line, similar to Fig. 2b.

Another test? showed that the pattern of primary vortex
positions varied with axial position along a finite 15° circular
cone in a low-speed wind tunnel (see Fig. 4). For the two
forward stations examined, the line of vortex positions (as
viewed in the crossflow plane) is in a nearly streamwise di-
rection (z direction). Whereas, at the aft station, the line
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Fig. 5 Vortex positions for an ogive-cylinder in low-speed
wind-tunnel test by Tinling and Allen.}
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Fig. 6 Equilibrium positions for three pairs of vortices

behind a circular cylinder (top), and effects of adding
second and third vortex pairs (bottom).

of vortex positions is nearly parallel to the Foppl line. The
coarse measurement methods of Ref. 6 did not detect secon-
dary and tertiary vortices in the flow field, the presence of
which might explain the primary vortex patterns observed.
Consider, also, the data of Tinling and Allen! for an in-
clined ogive-cylinder model in a low-speed wind-tunnel test,
as plotted in Fig. 5 for several axial stations. The locus of
vortex positions with increasing « is nearly parallel with the
z direction, not the Féppl line. This suggests that the actual
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Fig. 7 Equilibrium positions for one pair of vortices be-

hind a series of elliptic cylinders (top), and effect of T/U

on equilibrium vortex positions behind an elliptic cylinder
(bottom).
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Fig. 8 Comparison of equilibrium positions for two and
three pairs of vortices behind circular and elliptic cylinders.

flowfield may not be adequately represented by a potential
flow analytical model containing a single pair of vortices in
the wake, but rather it may be necessary to include two or
more pairs of vortices in the wake (see Fig. 2).

Equilibrium vortex positions were calculated for three
pairs of vortices in the wake of a circular cylinder. The
strength of each pair was, in turn, varied while the other two
pairs were held constant. Figure 6a shows a typical result;
as the strength of the tertiary vortex decreased, its equilib-
rium position moved toward the circular cylinder in a nearly
radial direction. The extrapolation of this line intersects
the circle 77.5° from the upstream stagnation point. Other
calculations® show that this angular intercept decreases when
the magnitude of the secondary vortex is decreased. Schlicht-
ing® gives a calculated separation position of 81.5° for laminar
boundary-layer flow about a circular cylinder. Although
the agreement may be fortuitous, the correlation of these two
results is deserving of future investigation.

Figure 6b compares the vortex equilibrium positions for
one, two, and three pairs of vortices with the same primary
and secondary vortex strengths. When the secondary vortex
is added, the primary vortex moves (as indicated by the
arrow) to the right. When the third vortex is added, the
primary and secondary vortices move to the left and slightly
upward. The fact that the primary vortex returns to the
Foppl line when the third vortex is added occurs only for this
combination of vortex strengths.

The equilibrium vortex positions for one pair of vortices
behind a series of elliptic cylinders are presented in Fig. 7a.
The elliptic eylinder cross section was varied from a vertical
(nearly flat) plate to a horizontal (nearly flat) plate. The
equilibrium position for the circle is on the Foppl line, and it
moves upstream and slightly farther from the X axis when
the major axis of the ellipse is transverse to the freestream
flow; when the major axis is parallel to the flow, it moves
downstream.

As may be shown analytically, the equilibrium vortex posi-
tion in the presence of a flat plate parallel to the flow is inde-
pendent of X, and its ¥ position depends on I'/U. Tigure
7b presents the equilibrium positions for a single pair of vor-
tices of various strengths, behind an elliptic eylinder with
relative major semiaxis of 1.33, transverse to the flow, and
relative minor semiaxis of 0.67, parallel to the flow. The
locus of equilibrium positions forms a line that is similar to
the Foppl line. The two lines converge as I'/U — =.

Tigure 8 shows the effect of changing the body cross sec-
tion from circular to elliptic on the equilibrium positions for
multiple pairs of vortices.
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Estimation of the Maximum
Temperature of a Swept Leading Edge
for an Equilibrium Glide Entry

Davis H. CRAWFORD*
NASA Langley Research Center, Hampton, Va.

NTEREST in the space shuttle with a large lateral range
capability has prompted several designers to propose
swept- or delta-winged configurations. A simple relation for
estimating the maximum stagnation line temperature on the
wing leading edge during an equilibrium glide entry is derived
herein. This relation, amenable to hand ecalculation, is based
on a modified form of the Detra, Kemp, and Riddell relation-
ship* for the laminar heating (Btu/ft?-sec) to the stagnation
point of a sphere of radius B :

@50 = 868(p/poR)/2(10~Su2)1.5% (1)

where £ = [2C,(T., — T.) 4 u?)/[2C,(T. — 540) + u2] and
where p, po, Cp, and T, are the local density, the sea-level
density, the specific heat, and the temperature of the air,
and where T, and u are the vehicle wall temperature and the
flight velocity. The atmospheric density variation, p =
pre P4, is that sugeested by Chapman in Ref. 2 where the
reference density, pr = 0.087 lb/ft?, together with a value of
B = 1/23,500 provides satisfactory aceuracy in the altitude
range a of current interest. The velocity (fps) determined
by equating the sum of the aerodynamic lift and centrifugal
forces to the weight of the vehicle, is

u* = [(Re + a)gB)/[(Rx + a)p/2 + B) )

where R is the radius of the earth (20.9 X 106 ft), and B =
W/SC1, where W, 8, and Cy, are the weight, planform area,
and lift coefficient of the vehicle.

The stagnation-line heating on a swept cylinder is related
to the stagnation-point heating on a sphere by the factor 2/ 2,
and the function cos!!A,, Refs. 3-4, where A., the effective
sweep angle, is sin™ (cose sinA). Thus, the heat transfer to
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the swept-wing leading edge appears as follows:
g = ¢s,0(cos™1A,) /212 3

At maximum heating the derivative of ¢, with respect to a in
Eq. (1) or Eq. (3) vanishes (p and u are functions of a, but the
temperature variation is trivial). The corresponding values
of altitude and velocity are

a = —(1/B8)In[(2g/ pxu®) Bn]ft (4)

where

I

[B(Rz + a) —

(.15 + 2¢)]/{[B(Rr + a) — 11(3.15 + 2¢)}
@ = [20,(T, — 540)u2)/
[2C(Tw — Tw) + w2][2C5(T — 540) + u?]

n

and
u? = g¢ (5)
where

¢ = [B(RE + a)2)(2.15 + 2¢)/
[B(Re + a) — 1)(3.15 + 2¢)

When the maximum convected heat transfer from Eq. (3)
is set equal to the radiated heat transfer, the stagnation-line
temperature is given by

Tt = (868/0)[(29/pou?)n]2(10~8u) 155 E(B/ReR) 112 X
(cost-tA,) /212 (6)

where ¢ and e are the Stefan-Boltzmann radiation constant
and the emissivity, and the sea-level density is given® as p, =
0.0765 1b/{t3.

Tteration is necessary to evaluate u, a, and Tw. The con-
vergence is rapid since the terms which call for iteration have
a minor effect, and average values can be used with little error.
For instance, the velocity w at which maximum heating
occurs varies only in the narrow range from 21,650 fps to
21,680 as W/SCy is varied from 40 to 320; similarly, ¢ and
Tw vary over a narrow span as a function of W/SC\y.

The foregoing discussion suggests the simplification of
Eqs. (4-6) by evaluating constant terms, by selecting nominal
values of terms which vary slightly, and by dropping negligi-
ble terms. With an assumed wall temperature of 3000°R and
an assumed stream temperature of 400°R, the following
simplified relations for peak heating may be found:

u = 21,650 fps )
a = 233,200 — 23,500 In(10-2B)ft (8)
T, = 3202(102B/Re?)1/8 cos®-2A,°R 9)

for a swept-cylinder leading edge, and
T, = 3492(1072B/Re%)1/3°R (10)

for a sphere stagnation point. Thus, with B = 100 1b/ft2,
R = 11t, e = 1.0, and A, = 0, the maximum equilibrium tem-
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Fig. 1 Maximum stagnation-line temperatures for equil-
ibrinm-glide entry.



